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Abstract

In 2011 [11], Varatharajan.et.al., introduced the concept of divisor cordial labeling. Let G = (§(G), B(G)) be
a graph with p vertices and q edges. A bijective function S : 8 (G) — {1,2,3,....,p}is said to be a divisor

cordial labeling, if an induced function S*(bc) :{3 (s(B)Is(c)) Or(s(()glfr(z)ize,vbc € B(G) satisfies the

condition |B,+(0) — B4+ (1)| < 1. A graph which admits a divisor cordial labeling is called a divisor cordial
graph. In this paper we investigate the existence of some divisor cordial labelings of the H graph.

Keywords: Graph Labeling, H-Graph, Triplicate Graph, Divisor Cordial Labeling.

1. INTRODUCTION

Rosa introduced the concept of graph labeling in 1967 [9]. Assigning an integers to the
edges or vertices or both to the certain conditions is known as graph labeling. Bala and
Thirusangu was introduced the concept of the extended triplicate graph of a path Pp in
2011[1]. In 2023[2], the concept of Extended triplicate graph of star ETG(kip ) was
introduced by Bala.et.al.,.

In 2016[6], the concept of Sum divisor cordial labeling was introduced by
Lourdusamy.et.al.,. Let G = (§(G), (G)) be a simple graph with p vertices and g edges.

A bijective function S: 5(G) — {1, 2,3, .....,p} is said to be a sum divisor cordial labeling, if
. S . oy (15 ifQIGM) +s(0)
an induced function S*: B(G) — {0,1} defined by S*(bc) = { 0 otherwise '

Vv bc € B(G) satisfies the condition |Bs<(0) — Bs+(1)| < 1. A graph which admits a Sum
divisor cordial labeling is called as Sum divisor cordial graph.

Gondalia.et.al., was introduced the concept of Subtract divisor cordial labeling in 2019[5].
Let G = (§(G), B(G)) be a simple graph with p vertices and q edges. A bijective function

S: 8(G) - {1,2,3,.....,p} is said to be a subtract divisor cordial labeling, if an induced
. . ceny = (15 if @I(s(B) = 5(c))
function S*: B (G) - {0,1} defined by S*(bc) = {0 _ otherwise’VbC €

B(G) satisfies the condition |Bs<(0) — Bs<(1)| < 1. A graph V\;hiCh admits a Subtract divisor
cordial labeling is called as Subtract divisor cordial graph.

In 2023[8], the concept of Sum of power p divisor cordial labeling was established by
Preetha Lal and Jaslin Melbha. Let G = (6(6),3(6)) be a simple graph with p vertices
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and g edges. A bijective function S: 3(G) — {1,2,3, .....,p} is said to be a sum of power p
divisor cordial labeling, if an injective function S*: B (G) — {0,1} defined by S*(bc) =

sif 2|(s(b) +s(c))P - B ~
{0 ; otherwise’ V bc € B(G) satisfies the condition |Bs+(0) — Bs+(1)| < 1. A graph

which admits a Sum of power p divisor cordial labeling is called as Sum of power p divisor
cordial graph.

In 2020[10], the concept of Modulo divisor cordial labeling was discussed by Shanthini.
Let G = (6(G), B(G)) be a simple graph with p vertices and g edges. A bijective function

S: 8(G) - {1,2,3,.....,p} is said to be a Modulo divisor cordial labeling, if an injective
function §*: B (G) - {0,1} defined by 5°(bc)= | “’)j (mod2),s(b) > s(c),V be €
B(G) satisfies the condition |Bs<(0) — Bs+(1)] < 1. A graph which admits a Modulo

divisor cordial labeling is called as Modulo divisor cordial graph.

In 2012[1], Bala.et.al., introduced the concept of triplicate graph of a path p,. Let G be a
path graph with p vertices and g edges. Let §'(G) = {by, by, b3, ....., by41} and p'(G) =
{c1,¢2,¢5, ..., ¢} e the vertex and edge set of a path p,,. For every b; € §'(G),construct
an ordered triple {b;, b{,b;’; 1 < i < p + 1} and for every edge b;b; € B'(G), construct four
edges b;b;, b;b;', bjb; and b;b;" where j =i + 1, then the graph Wlth this vertex set and
edge set is called as Trlpllcate graph of p,. It is denoted as TG(pp). Clearly, the triplicate
graph TG(p,) is disconnected. Let &(G) = {by, by, bs,.....,b3p41} and B(G) =
{c1,¢2,C3, ..., Capp} DE the vertex set and edge set of TG(pp). If p is odd, include a new
edge {b,.+1, b1} and if p is even, include a new edge {b,, b} in the edge set of TG(pp).
This graph is called the Extended triplicate graph of the path p, and it is denoted by

ETG(p,).

By the interest of the above studies, we investigate the existence of Sum divisor cordial
labeling, Subtract divisor cordial labeling, Sum of power p divisor cordial labeling in the
context of Triplicate graph of H, for p = 0(mod2) and Extended triplicate graph of H,, for

p = 1(mod2) and also we investigate the existence of Modulo divisor cordial labeling in
the context of Extended triplicate graph of H, for p = 1(mod2) .

2. MAIN RESULT

In this section, we provide the structure of Triplicate graph of H, for p = 0(mod2) and
Extended triplicate graph of H, for p = 1(mod2) and investigate the existence of Sum
divisor cordial labeling, Subtract divisor cordial labeling, Sum of power p divisor cordial
labeling and Modulo divisor cordial labeling.

2.1 STRUCTURE OF TRIPLICATE OF H,- GRAPH AND EXTENDED TRIPLICATE OF
H,- GRAPH

Let G be a simple H,— graph. The triplicate of H,- graph has the vertex set §(¢) and edge
set B(G). The vertex set and edge set are
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For p = 0(mod?2)
5(G) ={b;Uub;Ub'Uc;Uc/UCc/'/1<i<p}and
B(G) = {bibiy1 Ub{'biy1 Ubibi\ 1 Ubibiyy Ucicipy Ucicihy Uciciy Ve ciyq Ubpep,, U
2 2
Ubpcp, /1<i<p—1}
2 2

7

’
bECQ+1 V) bgCg_i_l

2 2
Thus, TG(H,) has 6p vertices and (8p — 4) edges.

For p = 1(mod?2)

85(G) ={b;Uub;Ub’Uc;Uc/UCc/'/1<i<p}and

B(G) = {bibiy1 U b;'bi; Ubibi\y Ubibi1; UciCity UciciiyUciciyg Ve ciyqV CPT“b;Zj U

! 144 14 ! ! .
bp+1Cp+1 U bpi1Cpi1 U bp+icpr1/1 < i < p}.
2 2 2z 2 2 2

TG(H,) has 6p vertices and (8p — 4) edges. Clearly, TG(H,) is a disconnected graph .

To make this as a connected graph including a new edge b, c; to the edge set §(G). The
obtained graph has 6p vertices and (8p — 3) edges is connected and known as Extended
triplicate graph of H, and is denoted by ETG(H,,).

THEOREM 2.1: Triplicate graph of H,, p = 2is a Sum divisor cordial graph for p =
0(mod2).

PROOF: Triplicate graph of H,,, p = 2 and for p = 0(mod2) has 6p vertices and (8p — 4)
edges.

To show that : TG(H,), p = 2 and for p = 0(mod2) is a sum divisor cordial graph

Define a bijective function S: 6(G) — {1, 2,3, ....,6p} to label the vertices as follows.

For,1<i<p
s(b) = 2i s(c;) = 2(i+2p)-1
s(bD) = 2(i + p) s(ch=2(+p)—1
s(hj)=2i—1 s(ci') = 2@ + 2p)

Define an induced function S*:B(G) - {0,1} such that S*(bc) =
{1 ; if2Is) + ()

0 ; otherwise ' v bc € B(G) to label the edges as follows.

(15 ) = (vt ) =1
Fhn) =5\

S* (Cgﬂbé) =S5 (Céﬂbg) =0
For,1<i<p-1
S*(bibi1) = S*(bib;41) = S*(cicip1) = S*(cip1c) =1
S*(bi{'biy,) = S*(bibi}1) = S*(cicity) = S*(c{'ciy1) =0

we get, B 0) = ,Bs*(l) =4p—2
Thus, |Bs+(0) = B+(D| =(4p—2) —(4p—-2)| =1
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It is clear that the condition |B,-(0) — Bs+(1)| < 1 is satisfied.

Hence, Triplicate graph of H,, p = 2 is Sum divisor cordial graph for p = 0(mod2).

EXAMPLE 2.1: TG(H,) and its Sum divisor cordial labeling is shown in figure 1.

by c1 b1 c1 b1 c1’

Figure 1

THEOREM 2.2: Extended triplicate graph of H,, p > 1 is a Sum divisor cordial graph for
p = 1(mod?2).

PROOF: Extended triplicate graph of H,, p > 1and for p = 1(mod2) has 6p vertices and
(8p — 3) edges.
To show that : ETG(H,), p > 1 and for p = 1(mod2) is a sum divisor cordial graph.

Define a bijective function S: §(G) — {1, 2,3, ....,6p} to label the vertices as follows.

For,1<i<p
s(b;) = 2(i + 2p) s(c;) = 2(i +p)
s(h))=2(+2p)—1 s(ci) = 2i
s(h/)y=2i—-1 s =2@+p) —1

Define an induced function S*:B(G) - {0,1} such that S*(bc) =
{1 s f 2I(s(b) +5s(c)

0 i horwice ¥ D€ € B(G) to label the edges as follows.

S*(blcl) =S (C;;le&) =5 (b;)+1c;),+1) =1

2 2 2 2

S* (C&bz’)-{-l) =S (b;),+1C1,;+1) =0
2 2 2 2
For,1<i<p-1

S*(bibiy1) = S*(b;biy1) = S*(cicitq) = S*(c{'ciy1) =0
S*(bi'biy1) = S*(bibi}1) = S*(ciciy1) = S*(cjic) =1
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we get, B+(0) =4p —2and B+(1) =4p — 1
Thus, |Bs+(0) = B+(D =(4p—2) —(dp—DI =11
It is clear that the condition |B,-(0) — Bs+(1)| < 1 is satisfied.

Hence, Extended triplicate graph of H,, , p > 1 is Sum divisor cordial graph for p =
1(mod2)

EXAMPLE 2.2: ETG(H3) and its Sum divisor cordial labeling is shown in figure 2.
b1

b1 c1 by ot
1 - L4 ;l 13 7
A & A
o b2 c2’ by" e bs
I 15 9 3/ \4 16
& @ O
bs" c3 b3 c3 b3 c3’
5 6 18 1/ 17 \11
@ O @
Figure 2

THEOREM 2.3: Triplicate graph of H,, p = 2 is a Subtract divisor cordial graph for
p = 0(mod?2).

PROOF: Triplicate graph of H,,, p = 2 and for p = 0(mod2) has 6p vertices and (8p — 4)
edges.

To show that: TG(H,), p = 2 and for p = 0(mod2) is as subtract divisor cordial graph.

Define a bijective function S: §(G) — {1, 2,3, ....,6p} to label the vertices as follows.

For,1<i<p
s(by) = 2i s(c;) = 2(i+2p)-1
s(b}) = 2(i +p) s(ch=2(+p)—1
s(hj)=2i—-1 s(ci') = 2(@i + 2p)

Define an induced function S*: 8(G) — {0,1 } such that
cepy = (15 if @2ls(b) —s(0))
§7(be) = 0 : otherwise

s (bpep,,) =5 (bpes,, ) = 1

2 2 2 2

S*(c b')=S*(c' b)=0
§+1§ 2+1§

2

,V bc € B(G) to label the edges as follows.
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For,1<i<p-1

S*(biby1) = S*(bibiy1) = S*(cicis1) = S*(cjic) =1
S*(bi'biy1) = S*(bibiy1) = S™(cicity) = S°(ci’ciy) =0

we get, Bs+(0) = Bs-(1) = 4p — 2

Thus, |Bs+(0) = Bs+(D| =1(4p—2) —(4p - 2)| =11

It is clear that the condition |Bs<(0) — Bs-(1)| < 1 is satisfied.

Hence, Triplicate graph of H,, p = 2 is Subtract divisor cordial graph for p = 0(mod?2).
EXAMPLE 2.3: TG(H,) and its Subtract divisor cordial labeling is shown in figure 3.

b1"
1

N

19

&

Figure 3

THEOREM 2.4: Extended triplicate graph of H,, p > 1is a Subtract divisor cordial graph
for p = 1(mod?2).

PROOF: Extended triplicate graph of H,, p > 1 and for p = 1(mod2) has 6p vertices and
(8p — 3) edges.

To show that : ETG(H,), p > 1and for p = 1(mod2) is a subtract divisor cordial graph.

Define a bijective function S: §(G) — {1, 2,3, ....,6p} to label the vertices as follows.

For,1<i<p
s(bp) = 2@ + 2p) s(c) =2( +p)
s(h)) =2(@{+2p)—1 s(ci) = 2i
s(h/)=2i—-1 s(cHY=2@(+p)—1

Define an induced function S*:B(G) - {0,1} such that S*(bc) =
{1 ; if (2s(b) —s(c))

0 : thorise: 7 DE € B(G)to label the edges as follows.

S*(blcl) =5 (Cﬁb&) =5 (b;)+1C;),+1) =1
2 2 2 2

S* (C&bﬁ) =5 (b;)’+1C;;+1) =0

2 2 2 2
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For,1<i<p-1
S*(bibiyq) = S*(bibiyy) = S™(ciciyy) =S™(¢i'ciy1) =0
S*(bi'biy1) = S*(bibiy1) = S™(ciciq) = S*(cjpyc) =1

we get, Bs+(0) =4p —2and B+ (1) =4p — 1
Thus, |Bs+(0) = B+(D| =(dp—-2) —(4p—-D| =1
It is clear that the condition |Bs<(0) — Bs-(1)| < 1 is satisfied.

Hence, Extended triplicate graph of H,, p > 1 is Subtract divisor cordial graph for
p = 1(mod?2).

EXAMPLE 2.4: ETG(H3) and its Subtract divisor cordial labeling is shown in figure 4.

b1" c1 b1 b1 "
1 . oy g 13 7
O /\ ® . o
C2 b2’ c2’ b2" co' ba
10 lﬁﬁ o 3 4 16

& > @ O
bs" bs c3 bs cs”
N % W N
] 0] o

Figure 4
THEOREM 2.5: Triplicate graph of H,, p = 2 is a Sum of power p divisor cordial graph for
p = 0(mod?2).

PROOF: Triplicate graph of H,, p = 2 and for p = 0(mod2) has 6p vertices and (8p — 4)
edges.

To show that : TG(H,), p = 2 and for p = 0(mod2) is a subtract divisor cordial graph.

Define a bijective function S: §(G) — {1, 2,3, ....,6p} to label the vertices as follows.

For,1<i<p
s(by) = 2(i + 2p) s(c) = 2i
s(b)) = 2(i +p) s()=2@+p)—1
s(hi)=2i—-1 s(ci)=2(@{+2p)—1

Define an induced function S*: 8(G) — {0,1 } such that
$*(be) = {t ; if 2] (s(b) +s(e))?)

: Otherwise’VbC € B(G) to label the edges as follows.

bych,,) =5 (cv,,bp) = 1
5 (heb) =5 (ot

S*(b'c" >= S* <c' bp) =0
) La"g
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For,1<i<p-1
S*(bibiy1) = S*(bibiy1) = S™(cicitq) =S"(¢i'ciyy) =1
S*(b;'biy1) = S*(bibi1) = S*(ciciy1) = S*(cj416) =0

we get, ,85*(0) = ,Bs*(l) =4p -2
Thus, |Bs+(0) = B+(D = (4p—2) - (4p—2)| = 1
It is clear that the condition |B,-(0) — Bs+(1)| < 1 is satisfied.

Hence, Triplicate graph of H,, p = 2is Sum of power p divisor cordial graph for p =
0(mod?2).

EXAMPLE 2.5: TG(H,) and its Sum of power p divisor cordial labeling is shown in figure
5.

b1” ct b e b1 c1”
10

Figure 5

THEOREM 2.6: Extended triplicate graph of H,, p > 1 is a Sum of power p divisor cordial
graph for p = 1(mod2).

PROOF: Extended triplicate graph of H,, p > 1 and for p = 1(mod2) has 6p vertices and
(8p — 3) edges.

To show that : ETG(H,), p > 1 and for p = 1(mod2) is a sum of power p divisor cordial
graph.

Define a bijective function S: §(G) — {1, 2,3, ....,6p} to label the vertices as follows.

For,1<i<p
s(by) =2(i +p) s(c) =2(@2p+1)
s(h))=2(i+p)—1 s(¢)) = 2i
s(hj)=2i—1 s(ei)y=2@{+2p)—1

Define an induced function S*: 8(G) — {0,1 } such that
5°(bc) = {1 7 I GIO®) )

0 ; Otherwise'v bc € B(G) to label the edges as follows.
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S*(blcl) =S <C1’7L1bﬁ) =S (bz',+1c,','+1> =1
2

2 2 2

S* <Cp_+1b1,7i) =S <b1’;’+1Cz’;+1> =0
2 2 2 2
For,1<i<p-1

S*(bibiyy) = S*(bibiy1) = S*(cicity) = S™(ci'ciy1) =0
S*(bi'biy1) = S*(bibiy1) = S™(cicip1) = S™(c{yyc) =1

we get, Bs+(0) =4p —1and Bs+(1) = 4p — 2
Thus, |Bs+(0) = B+(DI =(4p—1D - (dp—-2)| =11
It is clear that the condition |Bs<(0) — Bs-(1)]| < 1 is satisfied.

Hence, Extended triplicate graph of H, , p > 1 is Sum of power n divisor cordial graph for
p = 1(mod2) .

EXAMPLE 2.6: ETG(H;s) and its Sum of power p divisor cordial labeling is shown in figure
6.

b1 cr b1

Figure 6

THEOREM 2.7: Extended triplicate graph of H,, p > 1 is a Modulo divisor cordial graph
for p = 1(mod?2).

PROOF: Extended triplicate graph of H,, , p > 1 and for p = 1(mod2) has 6p vertices and
(8p — 3) edges.

To show that: ETG(H,), p > 1 and for p = 1(mod2) is a modulo divisor cordial graph.

Define a bijective function S: 6(G) — {1, 2,3, ....,6p} to label the vertices as follows.

For,1<i<p
s(h) =2p+i s(c)=3p+i
s(h)=4p+i s(¢)=p+i
s(b) =i s(ei)=p, s(¢y) =5p+1
For,2<i<p-1 s(ci')=5p+i
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Define an induced function S*: B(G) — {0, 1 } such that

s*(bc) = [%] (mod2),s(b) > s(c),¥ bc € B(G) to label the edges.

we get,

For,p#5 | B0 =4p—-2 | B+ =4p—-1 | |B+(0)=B-D|=|Uhp-2)—-(4p-D|=1
For, p=5 | B0 =4p—-1 | Be(M=4p—-2 | |B+(O) =B+ =[Up-1D-(“p-2)|=<1

From the above two cases, It is clear that the condition |S,+(0) — Bs+(1)] < 1 is satisfied.

Hence, Extended triplicate graph of H,,p > 1 is Modulo divisor cordial graph for p =
1(mod2).

EXAMPLE 2.7: ETG(H3) and ETG(Hs), its Modulo divisor cordial labeling is shown in
figure 7 and figure 8.

bln c1 b1

Figure 7

b1" c1 b1 b1’

Figure 8
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CONCLUSION

In this paper, we have investigated the existence of Sum divisor cordial labeling, Subtract
divisor cordial labeling, Sum of power p divisor cordial labeling in Triplicate graph of H,,
for p = 0(mod2) and Extended triplicate graph of H, for p = 1(mod2) and also we
investigate the existence of Modulo divisor cordial labeling in Extended triplicate graph of
H, for p = 1(mod2).
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