Jilin Daxue Xuebao (Gongxueban)/Journal of Jilin University (Engineering and Technology Edition)
ISSN: 1671-5497

E-Publication: Online Open Access

Vol: 42 Issue: 10-2023

DOI: 10.5281/zenodo.10029795

A HILBERT SPACE APPLICATION OF SAMPLING

MUSA SIDDIG

University of Kordofan, Faculty of Science, Department of Mathematics, Sudan.
Email: muss.yousif3@gmail.com

AMANI ELSEID ABUZEID

Department of Mathematics, College of Aldaier, Jazan University, Saudi Arabia.
Email: amani.elseid@yahoo.com

Abstract

When a function’s values are located in a separable Hilbert space, it is derived the Whittaker-Shannon-
Kotel'nikov sampling theorem. During a Hilbert space, we employ small frame operators and frames. In
turn, this provides us an extension Kramer's second sampling theorem and helps us grow selection of
theorems related to value at the boundary issues and various formulae for homogeneous integrals.
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1. INTRODUCTION

Electrical engineering and mathematics both have benefited from the Whitney- Shannon-
Kotel'nikov sampling theorem (see Shannon 1948 [11] ). The theorem states, in brief,
that (see [16]). If f(t? — 1) is a functionband-restricted to [—2zW, 2rW ], then,

1 (° -,
f(t?—1)= i) F(w) el -Deqey, (1.1)

To some F € L?[—0,0] where ¢ = 2nw then it can be rebuilt using the formula

(t2—1), = %’T =0,k = +1,+2, .., From its samples at the spots. The formula,

sing[(t? — 1) — (t2 — 1)4]
o[(t2—=1) = (2= 1)] '

Where compact sets of the real line R are where the series converges absolutely and
evenly.

FEE-1D= ) f(E =Dy tew,  (12)

k=—o0

There are numerous generalizations of this theorem. According to 115 in Paley and
Wiener (10), the evenly spaced points { (t? — 1) }xez are substituted with no regularly
spaced points in one direction. Suppose there { (t? — 1),}xez iS a sequence of actual
numbers so that

rer | 2 = 1) — % < ﬁ , Furthermore, let P(t? — 1) be the whole function specified by
= (t? — 1) (t? — 1)
P -1 =[t?-1)—(t> -1 ]||<1—— 1-—— . 13
( ) ( ) ( )0 ] (tz _ 1)k (tz _ 1)_k ( )
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Consequently, we have for any f of the type (1.1),
P(t*-1)
(-1 — (= DP' (- D)’

(t2—1), = %” then P(t? — 1) decreases to sin(a(t> — 1)) /oand (1.4) decreases to
(1.2).

GER R (GRS

k=—o0

The kernel has another direction of operation elt*-Dw g changed with a kernel that is
more broad K (w; (t? — 1)) in (1.1), which leads Kramer [9] to generalize the following:
Assume that K(w;t? —1) is a continuous function that acts (t2 —1)as a function
of x,, K(x,,t> — 1) € L2(I) for each real number (t2 — 1),where I = [a,a + &],—©0 < a <
a+e<o. Consider a set of real numbers to be the {(t? — 1);}xez eXists, like
that {K (x,,, (t* — 1);)}xez is the name given to a set of orthogonal operations in L%(I). The
form, therefore, if any f

FE -1 = [ Kot = DR (15)
Where F € L?(I), to date,
FE=1= D (= DOED ( ~ 1), (1.6)
k=—o0

With

ate

2 _ 2 _
(S;)k(tz _ 1) — fa ngzrt 1)K(xn' (t 1)k)d(xn) .
Jo 1K, (82 = Di)12d (xn)

Ifl = [—0,0],(t? — 1) = %” and K(xp, t? —1) = e (-1 it s simple to see this

sing[(t? — 1) — (t2 — 1),]
of(t2=1) = (t2 = 1),] ~

(SHp(t*—1) =

And (1.6) becomes (1.2) as a result.

One approach is to think about the standard Sturm-Liouville boundary-value problem
while generating the kernel K (x,,, t> — 1) and the sampling points {K (x,, (t? — 1)) }xez :

=¥+ q(x)yn = (tz —Dyn, xp€l=[aa+te] (L.7)
yn(a)cosa + y,'(a) sina =0 (1.8)
ynla+e)cosB+y,'(a+¢)sinf =0 (1.9)

Where q is continuing on I. Take the initial condition (1.8) and the differential equation
(1.7) solution (or the solution of (1.7) and (1.9)), then K (x,,, t? — 1), and consider the points
of sampling { (t? — 1), }xez because the eigenfunctions are related to the problem’s
eigenvalues
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{K (x,, (t? — 1)) }xez constitute an entire orthogonal family L2(1).

Even though theoretically possible to continue with method to add complex issues with
self-adjoint border value linked to the nth order differential operators (see [16]), this is not
yet practical. Cos2nm andsin2nm are the eigenfunctions, about the boundary-value
issue, as an illustration

_Yn” = (tz - 1)yn , Xp € [0’ 7T] ’ yn(o) = yn(n)andYn,(O) = Yn,(n);
not produced by just one real-valued function.

To get around this issue, one solution [16] is to employ Green's function technique
mentioned in [14]. Several self-adjoint boundary-value problems, can be expressed using
the following form of the Green's functions :

s O Pn(@)bn ()
G (Xn, Y, A —1)—;(/12_1)_(/12_1)11, (1.10)

Where {(12 — 1),,}>>., consist of the eigenvalues and {¢,}-, related eigenfunctions
are. The sampling theorems connected to second-order homogeneous Fredholm integral
equations can also be derived using the Green's function approach (see [15]).

We derive a sampling theorem for vector-valued functions [16] by generalizing some of
the aforementioned findings. These equations have a Hilbert space H input that is
separable. Obtaining sampling theorems for integral equations and boundary-value
problem without needing. A sampling sites will actually be randomly chosen, with the
exception of a growth rate cap. Yao [13], F. Beutler (4-5) and K. are the first to propose
the use of Hilbert space notions in sampling theory. Recent studies by J. Benedetto [1],
[3] and J. Benedetto and W. Heller [2] developed sampling theorems for band-limited
functions using the idea of frames in a Hilbert space. Although in a different method than
in [1], [2], we use the concept of small frames in this study to develop the sampling
theorem.

2. PRELIMINARIES

There will be a separable Hilbert space with an product as shown by C and R
correspondingly, for the sets of real and complex numbers H. A function’s Fourier
transform f(t? — 1) as defined

N 1 *© .
flo)=—7= J f(£? = D@D d(e? 1,
In order for the inverse transform to be given by
1 e .2
f(t?—-1) = \/T_f f(w)e =D dg,
TJ_xn
Assuming the integrals are present. Let (4 + £)2 show the grouping of all full functions

f at most being exponential ¢ relating to the time L?(R) when the real axis was the only
one; which is,
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f € (A+ ¢)?2 if and only if
|f (zn)| < sup |f (xn)| exp(alynl),

XER

Where z, = x,, + iy, , is an array of complex numbers and

o

flﬂ%WdWJ<W-

The widely recognized Paley-Wiener Theorem [10, p. 13] states that f € (A + €)%(c >
0) if and only if f(t?—-1)= \/%_nf_"aF(w)ei(tz‘l)‘*’ dw, for some F € L?[—0,0]. The
class (4 + €)% is frequently referred to as the Paley-Wiener class of complete functions.

Let's start G = {g,,} a sequence inH. If there are only two numbers 4, A+ >0, we
classify that G as a tiny frame like that for each fe H,

ANl fIP< Xl gndl? < (A + o) IflI%.
The frame limits are the two numbers A and A + ¢. It’s stated that the little frame feels
tight if
e =0and it is precise if it loses its small-frame status if even one element is removed.
Small frames are finished, as if my (f, g,) = 0 for alln, then ||f|| = 0 and as a result f =
0. If two nonnegative numbers exist Cand D such that C< ||g,|l < D for alln, G is said

to be bounded. There is knowledge this [7] that a slim build is precise only if and when it
has a limited, unrestricted basis. If a foundation G is unwavering, then

YnCngn € H expresses the }|c,| g, € H.
A little frame for each G, has a compact operator S, according to that we associate

Sef = ) {f.9n) 9n-

That S, is a bounded linear operator on H my be demonstrated [7] with Al < S, < (A +
e)I, and that S, is invertible, where Al < S, < (A + &) means A{x,, X,) < (Sexp, Xp) <
(A + &){x,, x,) for all x,, € H. The following characteristics apply to the inverse small
frame operator S; ' :

MHA+e) U<s, <A,
(ii) {S. "' g,} is a tiny frame with tiny frame limits (4 + £)~*and A~

3. THE PRIMARY OUTCOME

A set of complex integers, let {(12 — 1),,}x_, , the only boundary of the sequence is the
point at infinity, none of which are zero. The sequence’s convergence {(1% — 1),,}5,
exponent 7 is described as
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¢ 1
T = inf aeR:Z—<oo
{ L1 = Dyl® }

Let’s further assume that {(12 — 1),,};—, the convergence exponent is finite, i.e., 0 < 7 <
o.In this case, let p stand for the Ilowest positive integer
that ¥, 1/|(A% — 1),|?** converges. Let

P(A2 — 1)

(T1° -1 AZ2-1\ 1/X-1\ 1 @2-n\] .

J l_lnzl <1 - (22 — 1)‘n> exp [((/12 — 1)n'> +§<m> + ... +5<(/12_—1)n) ] if r=12, ..,
%) (12 _ 1) . B

U_L=1 (1 e 1),,) ifp=0.

We could make a zero as one of the sequence’s term {(1?2 — 1),,} and in this instance,
we'll refer to it as (12 — 1), and redefine P(12 — 1) as

P(22—1)
(T (1-&=v @-D\, 1(P=DY 1 @-DY]
) | ﬂn=1 (1 - aZ = 1)n> exp [((,12 — 1)n> +§<(/12 — 1)n) 4. +5<m> ]1fp =12,..,
e @-ny.
anl (1 - 2= 1)n>1fp = 0.

You could be demonstrated that P(4%2 — 1) is a full-fledged function in (1?2 — 1) similar to
7 [6] in order .

In a separable Hilbert space H , let {g,}n=, and S, be the small frame operator of a small
frame.

The dual frame will be indicated {S, " g,}oo, by {g*}e-; if {gn}i, is exat, {gn}o-, and
{93%_, , i.e., [7] are biorthonormal.

. 0 ifm#n,
(Gm In) = Omn = {1 ifm = n.

Every fixed (12 — 1) # (4% — 1)4, (A* — 1), .., the operator is detail

. _ - (-:gn> *
L(Az_l) = P(AZ -1 nZl (-1 -1?>-1,) In

on H as usual, i.e.,

) o C (., gn) )
Liz_yy f =P~ 1)NZI((/12 “D-(Z=D) gn, fEX, (3.1)

and for (12 = 1) = (12 = 1), k = 1,2, ..., define
Lijz_yy f=P'((A* = D)), gi) i -
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The sampling theorem is now stated and shown (see [16]).

Theorem 1. (i) Every fixed (12 —1) € C, L’E/lz_l) Is an operator that is linearly bounded
onH.

(i) The operators set {L?)Lz_l)} is evenly bounded if K is a tiny subset of the big
(A2-1)ek

complex (12 — 1)-plane.
(i) F(A*> — 1) is a constant vector-valued continuous function that can be recovered from
its values using the formula {F ((1* — 1),)}>.,, its values determine it entirely

< P(2%2-1)
e Z (FP-D-@-DIP@-D,) (& 7D 52

Proof. As soon as we demonstrate that L ,._,, is clearly defined, the linearity of L(;._,, is

trivial. Together, we demonstrate (i) and (ii), but first, let's remember that for any n €
3, |Inll can come from [[n]l = supyny=1/{n, h}|. Let

(Sdmaf = PO2=1) ) o 1<)f '_g(’jz N
k=1

Consequently, we obtain the Cauchy-Schwarz inequality for 1 <m < n and by

2 2
1S maz-1f = Sdnaz-nfll = sup (S m@z—f = Sdnz-nf, b
Irll=1

2

- (f, i) )
”%%1 P(A2 —1) k;ﬂ e

n 2 n
i (3 (S )
k=m+1 k k=m+1

llhll=1

Given that {g;}w-; and (4 + ¢)~!, A~ are both small frames, it follows that

| (S maz—1yf — (Ss)m,(az—nf”z

s el N (f, gi)) »
<|P(A% - 1)| ( z I(Az—l)—(/lz—l)kP)A . (3.3)

k=m+1

Assume the complex (12 — 1)-plane has a compact subset K and

A= {(AZ — 1), e, (A% = 1)iq} Embody the collection of (1% — 1), ; that lie insideK . Define

the order {(1% — 1),,}%_, by A and the separation between K and A — A by § the way. For
any Then (12 —1)eK and (1> —-1), € A—A to date
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PE-D L ap 12— ni=2ppl
S 22—, | =5 UP — DI =PI,
(A2—1)eK (4* =1 — (4 = D 6(;12—1)e1< &
Where ||P|lx = sup(;z_1)ex|P(A* — 1)|. Set
P(*—1) L .
hi(lz_l):(/lz—l)—(/lz—l)i' i =1y,ip ., i

Obviously, h; is an analytical function, unless perhaps at (12 — 1) = (12 — 1); however, P
has a zero at (A% — 1) = (A% — 1);, h; itis truly a complete function; therefore,

max yz_1)e |1 (22 — DI = [lkyll;c has a limit. Let € = max {[[h[| . ... [|n;, ]| }. and
C(K) = max{C, ||P|lx / 6}. When coupled with (3.3), we get
n
2
1S maz-1yf = Sdnaz-nfll” < CZUQ( z I/, gk>|2>A_1 -0 (3.4)
k=m+1

as m,n - oo . Thus, {(Sg)m,@z_l)f} . represents a Cauchy sequence, so

m=
im0 (Se)m, 21y f = LzAZ—l)f' By allowing n — oo in (3.4), thus, it follows (S)., 22-1)
culminates in L?;LZ—Df uniformlyon compact subsets of the complex (1% — 1) — plane.

Using the same justification as before results in

IFG2 = DI = [y f|| = sup [y fod]
Irll=1
N Kf, g1 N
= |P(2 ~ DI sup ( )( |<g*,h>|2)
|LE-"F:1 kzﬂl(lz_l)_(lz_l)klz kzzl k
< A2 (K) <Z|<f,gk>|2> < A1 A+ OB, 35)
k=1

Which demonstrates that (2* — 1), L;2_,, is a continuous linear operator on 3 for fixed.
It's true, the family of operators {L’Elz
(3.5).

We now demonstrate section (iii) (see [16]). It follows from (1) that F (1% — 1) is precisely
described. The ongoing nature of it is now demonstrated. It is sufficient to demonstrate
that G(A> —1) = (1/P(A*> — 1))F(A* — 1) since P(A*> —1) is complete function, it is
continuous. Let (12 —1)* € C— A and represent the separation between (12 — 1)* and
A by 26. Let

Ds((A2 = 1)*) = {32 —1:|(1* — 1) — (1> — 1)*| < 6} Represent the enclosed disc with a
center (12 — 1)* and radiusé. In any case (1* — 1) € Ds((42 — 1)*) ), we have

0J 32 1ex is uniformly bounded, as shown by Eq.
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16(2* = 1) = G((2* = DIII* = sup KG(A* - 1) = G((A* — 1)), h)|?

lIrll=1
N (A2 - 1) — (22 - D) i N
< sup ( < 2 _1)— ()2 — 2 _ 1V — ()2 — > I(f. g >|2)( |(g*,h)|2>
R kzl G2 = 1) = @~ Dl - 17 = (3% = 1l * kzl ‘
_ * 1 ?
< 472 - 1) ‘“Z‘“'2;(|@2—1)—(12—1)k||(zz—1)*—(&2—1)k|> 1, 9012
<ATTHA+ NI - 1) - (2 - DI

or

16(G2 = 1) = 6(@2 = I < (A+ o)/ 222 — 1) - @2 - )] > 0as

(22— 1) - (A2 — 1)*. Since F(1? — 1) is continuous for each (12— 1) e C— A and

F(2* = 1) = F((A#* = 1)) = P' (2* = D), gn) s (3.6)

Anywhere F is continuous. After (3.1) and (3.6), Eq. (3.2) is logical conclusion.

lim
(A2-1)-(2-1)y

Corollary2. Let L* and {g,}a=1 be the normalized eigenvectors of a self-adjoint, compact
operator on H a one-to-one basis. Define L’&z_l) as before whatever the

sequence {(1? — 1),}%_, meeting Theorem 1’s prerequisite. Next, for any f € 7,
FO*-1) =1 f-f: o FOG2 = 1))
WD L (2 - D) - (22 - DIP((A2 - D) o

Proof. The orthonormal basis is formed by the eigenvectors of L*, as a result, they create
a precise, frame limits are tight and equal to 1 and g, = g,.

Let's H = L*(I) make an exception, inwhich I =[a; a+¢], —0<a<a+e<o,and

Wﬁ@u=j Ko OF@dS,  fe1?D.

Should K be symmetric, actual, and in L?(Q), in which Q = I x I, afterward, L* a small
self-adjoint operator is in L2(I) operation. Moreover, if the equation

ate
| kGor@d=o
a
Only requires a simple solution f = 0, the eigenfunctions follow {g,},=, of L* provide

one that is normal foundation for L2(I), the following sampling theorem is also available:
If any sequence of numbers {(1% — 1),,}>, fulfilling Theorem 1's presumption

fa+€f(xn)R(xn, ¢, A% = Dd(xp),

Where

Oct 2023 | 368



Jilin Daxue Xuebao (Gongxueban)/Journal of Jilin University (Engineering and Technology Edition)
ISSN: 1671-5497

E-Publication: Online Open Access

Vol: 42 Issue: 10-2023

DOI: 10.5281/zenodo.10029795

C 9n()gn(©)
R(x,, (,A2=1)=P(A*=1) ,
2 (-1 - @2 -1y
¢ is a fixed point in |, therefore
P(A* —1)

(22 =1) = (22 = DpP'((F* - D)y)

When the (1% — 1),, as the eigenvalues of the L*, R/P turns into the resolvent connected
to the integral equation, and in the case of self-adjoint boundary-value issues, they create
the Green'’s function for issue; see (1.10).

FO? = 1) = ) F((% = D)
n=1

Its eigen-vectors are L* form a precise tiny frame, which can be used to replace the
presumption that L* is self-adjoint. This is the case, for instance, when L* is connected to
particular boundary-value issues that are not self-adjoint; see [14].

4. FORMULA OF INVERSION

In this section, we employ the Bochner integral of F to obtain (see [16]) a formula for the
vector-valued function’s inversion F(A? — 1) Theorem1 establishes this. To achieve this,
we must limit the sequence growth rate {(1? — 1),,}5>-, and mandate that +oo it have only
limit points.

Theorem3. (Refer to [17]) Consider {(1? — 1), },ez a Series of actual numbers without a
limit point that is finite such that

T
SuPnezKﬂz_l)n_(mT/UN <E’ o >0,

And allow

® 12 -1 2 -1
POZ-1) = (@ -D-@-19] | <1 - ﬁ) <1 - ﬁ)

[
{f, gn) .

PO =D =P@ =D ), eyt gEm o €%

where {g,}nez and {gn}nez retain their previous meaning, then

With
2

P2 -1
( ) d(A2—1)<D <o forall n.

=1 - =D,

So, if

f=lim foof(/12 — DKy (A - 1)D(* - 1), (4.1
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Where

N
, 1 @@ -1
Ky (A —1)—2nkZN T

And
R P22
(A+8),(A12-1)= f el = Dixn g l"=1xn g (x 3,
-0

Proof. Lemma 16.2 on page 57 and Theorem 18 on page 48 in [8] lead us to believe that
a collection of operations occurs {h,,(x;)}nez such that

P(/lz — 1) _ o-h i(/’lz_l)xnd 4 2
(D= @ - D@ -y )" G @2
and
7 0 ifnxm
{(A2=1)man _ ,
| e d(ry) = {0 Hn=m (43)
Set
g
(A + E)n(lz —_ 1) = J ei(lz_l)mx‘ne_i(lz_l)xnd(xn); (44)
-0
hence

. 1 r® ;
e PN Y01 () = o j (A+ ), (A = De!®"Dmnd(2* — 1),

where x[_, 4] is the defining trait of [0, d] and according to the integral converges L.
Let

N
(A+ ) (A2 =1

) _ 1
D=5 L P -

Parseval’s equality and (4.2)-(4.4), give us

i B P -1)(A+e),(2*-1) 2 1\ — ’ (A2 =1) 2
IR e e R I IUACOL d(xy)
= O (4.5)

As aresult, by (3.2) and (4.4), we get
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foo F(22 — DKy(A2 — Dd (A2 — 1)
Z Z F((2 = D) ] P(A2 — 1B (2% — 1) a2
- P’ ((AZ - 1)n) 21 ((AZ - 1) - (/12 - l)n)P,((AZ - 1)n)
- F(®=Dw)
- 1)) P D 2 (F,9n) 95 (4:6)

Where the final equallty is obtained from (3.6). The Bochner integrals dominated
convergence theorem ([12], p. 35) states that it is possible to swap the integration and
summation signs

2

PO~ 1) d(2* - 1)

A=) = =1,

[ iFe2 - viFa@ - < 4 Zl(f ol [
<A1M+@MVW<%
Using the limit in (4.6) as N —» o produces (4.1).

In the event that the series 1/2m Yy _o (A + &) (42 —1)/P'((A* — 1)) ends up an
integrable square function K (4% — 1) ,then (4.1) becomes true

f= fooF(zz — 1)K(A% — 1)d (A% — 1).

In concluding, we would like to readers that the sampling locations {(A?> — 1),} are not
always eigenvalues of a boundary-value issue, as we noted in Sec.3. It is noteworthy that
the validity of the points is not yet known.

(AZ - 1)11 = {an N (a * g)' n= 0,1,2’ ey

an + ¢, n=-1-2,..,
Hence,a > 0, (a + €) # ¢, are any boundary-value problem’s eigenvalues; nonetheless,
the [16] just discovered a sampling theorem of the type of Kramer employing these
locations as points for sampling.
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