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Abstract

This article investigates the properties and significance of unique factorization domains (UFDs) and
principal ideal domains (PIDs) in the context of algebraic geometry. We provide definitions, key theorems,
and proofs related to these algebraic structures. Furthermore, we explore their applications in algebraic
geometry, demonstrating how UFDs and PIDs facilitate the understanding and solving of geometric
problems.

INTRODUCTION

Algebra is a fundamental branch of mathematics that deals with symbols and the rules
for manipulating these symbols. Within algebra, the study of unique factorization domains
(UFDs) and principal ideal domains (PIDs) plays a crucial role due to their deep
connections with number theory, ring theory, and algebraic geometry (Shafarevich, I. R.
(1994).

Unique Factorization Domain (UFD) is an integral domain in which every element can
be factored uniquely into irreducible elements, similar to the prime factorization of integers
(Cox et al., 2007).

Principal Ideal Domains (PIDs) are a subset of UFDs characterized by the property that
every ideal is principal, meaning it can be generated by a single element.

Understanding these domains provides insight into the structure of rings and modules,
which are essential in many areas of mathematics. This paper aims to explore the
properties of UFDs and PIDs, provide key theorems and proofs, and highlight their
applications in algebraic geometry.

Definitions and Basic Properties

1. Integral Domain: An integral domain is a commutative ring with no zero divisors. If \
(a\cdot b = 0\) implies \ (a = 0\) or\ (b = 0\), then the ring is an integral domain.

2. Unique Factorization Domain (UFD): An integral domain \ (R\) is a UFD if every non-
zero element of \ (R\) that is not a unit can be written as a product of irreducible elements,
and this factorization is unique up to the order and units.

3. Principal Ideal Domain (PID): An integral domain \ (R\) is a PID if every ideal of \ (R))
is principal, i.e., can be generated by a single element.
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Unique Factorization Domains (UFDs)

A UFD is a generalization of the concept of unique factorization in the integers. In a UFD,
every element can be uniquely factored into irreducible elements, up to units and order.
The importance of UFDs lies in their ability to extend the properties of integers to more
complex rings (Jacobsom 1985 &1989).

Example: The ring of polynomials \ \mathbb{K}[x] \) over a field \ (\mathbb{K}\) is a UFD.
Principal Ideal Domains (PIDs)

PIDs are integral domains where every ideal is generated by a single element. This
property simplifies many problems in ring theory and module theory (Lang 2002).

Example: The ring of integer’s \ (\mathbb{Z} \) and the ring of polynomials \ (\mathbb{K}[X]
\) over a field \ (\mathbb{K}\) are PIDs (Atiyah & Macdonald, 1969) (Eisenbud, 1995).

Main Results
Theorem 1: Every PID is a UFD
Proof:

1. Let \(R\) be a PID. Since every ideal in \( R \) is principal, let \( (a) \) be a non-zero
ideal in \( R)\).

2. Suppose \ (a\) can be factored as \ (a = bc\). If \( b \) and \( c\) are not units, then the
ideal \( (@) \) can be decomposed into \( (a) = (b)(c) \).

3. By the definition of a PID, this factorization implies the uniqueness of \( b \) and \( c ),
as any other factorization would contradict the principal nature of the ideal generated
by \(a\).

4. Thus, every PID is a UFD since every element has a unique factorization into
irreducibles.

Theorem 2: If \(R\) is a UFD, then \(R[x] \) is also a UFD
Proof:

1. Let \(R\) be a UFD. To show that \(R[x] \) is a UFD, consider a non-zero polynomial \
(fC) \in R[X] V).

2. Since \(R\) is a UFD, every coefficient of \ (f(x) \) can be uniquely factored into
irreducible elements.

3. By induction on the degree of the polynomial, we can show that \ (f(x) \) itself can be
factored into irreducible polynomials in \(R[x] \).

4. Thus, \(R[x] ) is a UFD (Hungerford, 1974).

Aug 2024 | 157



Jilin Daxue Xuebao (Gongxueban)/Journal of Jilin University (Engineering and Technology Edition)
ISSN: 1671-5497

E-Publication: Online Open Access

Vol: 43 Issue: 08-2024

DOI: 10.5281/zenodo.13354347

Applications in Algebraic Geometry
Specific Applications

In algebraic geometry, UFDs and PIDs play an essential role in the study of algebraic
varieties and schemes.

1. Divisors on Varieties: The concept of divisors on an algebraic variety relies on the
unique factorization of elements in the coordinate ring of the variety (Hartshorne,
1977).

2. Resolution of Singularities: The process of resolving singularities in algebraic geometry
often involves working within PIDs and UFDs to simplify the structure of the variety
(Eisenbud, 1995).

Examples
Example 1: Coordinate Ring of a Plane Curve

Consider the affine plane curve defined by the polynomial f(x,y)=y2-x3+xf(x, y) = y*2 -
xA3 + xf(x,y)=y2—-x3+x over the complex numbers C\mathbb{C}C. The coordinate ring of
this curve is given by the quotient ring C[x,y]/(y2—-x3+x)\mathbb{C}[x, y]/(y"2 - x"3 +
X)C[x,y]/(y2—x3+Xx).

1. Analysis: The ring C[x,y]\mathbb{C}[x, y]C[x,y] is a UFD because C\mathbb{C}C is a
field, and the ring of polynomials in two variables over a field is a UFD.

2. Properties: In the quotient ring C[x,yl/(y2-x3+x)\mathbb{C}[x, y]J/(y*2 - x"3 +
x)C[x,yl/(y2—-x3+x), the element yyy is related to xxx by the equation y2=x3-xy"2 = x"3
- xy2=x3-x. This relationship preserves the unique factorization property of the
polynomial ring C[x,y]\mathbb{C}[x, y]C[x,y], making C[X,y]/(y2—-x3+x)\mathbb{C}[x,
yll(y*2 - x"3 + x)C[x,y])/(y2-x3+x) a UFD as well.

3. Applications: The unique factorization property in this coordinate ring is crucial for
studying the geometric properties of the curve, such as singularities and intersections
with other curves.

Example 2: Ring of Integers Z\mathbb {Z} Z
The ring of integers Z\mathbb {Z} Z is a classic example of a PID and a UFD.

1. Properties: In Z\mathbb {Z} Z, every ideal can be generated by a single integer. For
example, the ideal (6) (6) (6) consists of all multiples of 6. The factorization of integers
into prime numbers (e.g., 6 = 2 x 3) is unique up to the order and units (£1).

2. Applications: The structure of Z\mathbb {Z} Z as a PID and UFD is fundamental in
number theory, allowing for the development of concepts like divisors, greatest
common divisors, and modular arithmetic.

Example 3: Polynomial Ring Q[x]\mathbb {Q} [x] Q[x]

The ring of polynomials with rational coefficients, Q[x]\mathbb {Q} [x] Q[X], is another
example of a PID and a UFD.
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. Properties: In Q[x]\mathbb {Q} [x] Q[x], every ideal is generated by a single

polynomial. For instance, the ideal (x2+1) (x"2 + 1) (x2+1) is generated by the
polynomial x2+1x"2 + 1x2+1. Any polynomial in this ideal can be written as a multiple
of X2+1x"2 + 1x2+1.

. Unique Factorization: The polynomials in Q[x]\mathbb {Q} [x] Q[Xx] can be factored

uniquely into irreducible polynomials. For example,
x4=1=(x2=-1)(x2+1)=(x=1)(x+1)(x2+1)x4 - 1 = (x*2 - 1)(x"2 + 1) = (x - 1)(x + 1)(x"2 +
1)x4-1=(x2-1)(x2+1)=(x—1)(x+1)(x2+1).

. Applications: The properties of Q[x]\mathbb {Q} [X] Q[X] as a PID and UFD are used

extensively in algebraic geometry and the theory of algebraic curves. For instance, in
the study of elliptic curves, the polynomial ring Q[x]\mathbb {Q} [x] Q[x] provides a
framework for understanding the curves' rational points and their structure (Northcott,
1980).

Example 4: Gaussian Integers Z[i]\mathbb {Z} [i] Z]i]

The ring of Gaussian integers, Z[i]\mathbb {Z} [i] Z][i], consists of complex numbers of the
form a+bia + bia+bi where aaa and bbb are integers.

1.

Properties: Z[i]\mathbb {Z} [i] Z[i] is a Euclidean domain, which implies it is a PID and
a UFD. Every element in Z[i]\mathbb{Z}[i]Z[i] can be factored uniquely into irreducible
elements, up to units and order.

. Example: The element 555 in Z\mathbb{Z}Z can be factored in Z[i\mathbb{Z}[i]Z[i] as

5=(2+i)(2-i)5 = (2+i)(2-i)5=(2+i)(2-i). Here, 2+i2+i2+i and 2-i2-i2-i are irreducible
elements in Z[ij\mathbb {Z} [i] Z][i].

. Applications: Gaussian integers are used in number theory and cryptography. For

example, they play a role in the proof of Fermat's two-square theorem, which states
that an odd prime ppp can be expressed as the sum of two squares if and only if
p=1mod 4p \equiv 1 \mod 4p=1mod4.

Example 5: Ring of Polynomials K[x1,x2,...,xn]\mathbb{K}[x_1, x_2, \ldots,

X—

n]K[x1,x2,...,xn] Over a Field K\mathbb{K}K

The ring of polynomials in several variables over a field K\mathbb {K} K is a UFD.

1.

Properties: The ring K[x1,x2,...,xn]\mathbb{K}{x_1, x_2, \ldots, x_n]K[x1,x2,...,xn] is
a UFD because it can be built up from the field K\mathbb{K}K by adjoining one variable
at a time, with each extension maintaining the unique factorization property.

. Example: Consider C[x,y,z]\mathbb{C}[x, vy, 2z]C[x,y,z]. The polynomial

f(x,y,2)=x2+y2+22f(X, y, z) = X2 + y"2 + z"'2f(X,y,z)=x2+y2+z2 in C[x,y,z]\mathbb{C}[x,
y, Z]C[x,y,z] can be factored uniquely into irreducibles if such factorization exists in
C[x,y,z]\mathbb{C}[x, y, z]C[x,y,Zz].

. Applications: The unique factorization in K[x1,x2,...,xn]\mathbb{K}[x_1, x_2, \ldots,

x_n]K[x1,x2,...,xn] is crucial in algebraic geometry for studying the properties of
algebraic varieties defined by polynomial equations in multiple variables.
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CONCLUSION

Unique factorization domains and principal ideal domains are fundamental structures in
algebra that have significant applications in algebraic geometry. Their properties simplify
many problems and provide deeper insights into the nature of algebraic varieties and
schemes. This article has explored the definitions, key theorems, and applications of
UFDs and PIDs, highlighting their importance in both theoretical and applied
mathematics.
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