Jilin Daxue Xuebao (Gongxueban)/Journal of Jilin University (Engineering and Technology Edition)
ISSN: 1671-5497

E-Publication: Online Open Access

Vol: 42 Issue: 06-2023

DOI 10.17605/0OSF.I0/X483N

TEMPERATURE BASED INVARIANTS FOR BRIDGE GRAPHS

SABA IRAM
Department of Mathematics and Statistics, Faculty of Science, University of Lahore, Lahore, Pakistan.

MOHAMMAD SHOWKAT RAHIM CHOWDHURY
Department of Mathematics and Statistics, Faculty of Science, University of Lahore, Lahore, Pakistan.

ABAID UR REHMAN VIRK*

Department of Mathematics, University of Management and Technology, Lahore, Pakistan.
*Corresponding Author Email: abaidrehman@umt.edu.pk

MURAT CANCAN
Faculty of Education, Yuzuncu Yil University, Van, Turkey.

Abstract

This paper investigates the application of topological indices to bridge graphs, which are graphs where
every edge is a bridge. Topological indices are numerical measures that provide insights into the structural
properties of graphs. Understanding the behavior of these indices in the context of bridge graphs is
important for unraveling their unique characteristics and connectivity patterns. We will apply the concept of
temperature based topological indices on different unknown topological indices namely, 15t and 2" Zagreb
indices, Forgotten index, productivity index and reciprocal productivity index. This study demonstrates that
temperature based topological indices exhibit distinct patterns when applied to bridge graph over path,
cycle and complete graph. Some indices effectively capture the bridge structure and connectivity properties,
while others may not provide meaningful information. The limitations and challenges associated with using
topological indices for bridge graphs are discussed, emphasizing the need for new or modified indices that
better capture the unique characteristics of this graph type.

Keywords: Topological Indices, Temperature Based Invariants, Bridge Graph over Path, Bridge Graph
over Cycle, Bridge Graph over Complete Graph.

1. INTRODUCTION

Graph theory plays a fundamental role in various disciplines, ranging from computer
science to chemistry and biology. Topological indices are numerical parameters that
capture structural information about a graph, providing insights into its characteristics and
properties. In this paper, we present a comprehensive study on the computation of
topological indices for bridge graphs, specifically focusing on bridge graphs constructed
from path, cycle, and complete graph structures [1]. The bridge graph is an important
class of graphs that arises when edges are added to an underlying graph, connecting two
nonadjacent vertices. By introducing these additional edges, the bridge graph exhibits
unique properties and structural characteristics, making it an intriguing subject of
investigation. Through our research, we aim to explore the topological indices of bridge
graphs and provide a deeper understanding of their mathematical properties [2]. To
accomplish our objective, we first define the bridge graph over a path, cycle, and complete
graph. We then proceed to compute and analyze various topological indices associated
with these bridge graphs. Specifically, we focus on indices such as the Wiener index,
Zagreb indices, Randi¢ index, and other commonly used measures. By employing
established formulas and algorithms, we calculate these indices and investigate their

June 2023 | 133


mailto:abaidrehman@umt.edu.pk

Jilin Daxue Xuebao (Gongxueban)/Journal of Jilin University (Engineering and Technology Edition)
ISSN: 1671-5497

E-Publication: Online Open Access

Vol: 42 Issue: 06-2023

DOI 10.17605/0OSF.I0/X483N

behavior as the bridge graph structures evolve [3]. Our computational analysis reveals
intriguing patterns and trends in the computed topological indices. We observe that the
addition of bridges significantly influences the values of these indices, indicating the
impact of structural modifications on the overall graph properties. Through extensive
experimentation and analysis, we aim to provide a comprehensive understanding of the
relationships between bridge graphs and topological indices, facilitating future research
and applications in various domains [4]. Overall, this paper contributes to the field of graph
theory by investigating the computation of topological indices for bridge graphs over path,
cycle, and complete graph structures. The insights gained from our study enhance our
understanding of the interplay between graph structures and topological indices, offering
valuable knowledge for graph theoreticians, computational chemists, and researchers
working in related disciplines.

2. LITERATURE REVIEW

A graph ¢ = (V,E) is an order pair, where V represents the vertex set and E represents
the edge set. Chemical graph theory is about the discussion of chemical structure by
means of graphs. Conversion of chemical structure can be made by applying the
definition of chemical graph theory, where atoms and bonds refers to vertices and edges,
respectively. [5, 6, 7] We can transform chemical structure into graph, compute desire
result and then go back to original problem, with solution. This is the beauty of chemical
graph theory. A graph having no loop or multiple edge in known as simple graph [8]. A
molecular graph is a simple graph in which atoms and bounds are represented by vertex
and edge set respectively. The degree of vertex is the number of edges attached with
that vertex [9]. These properties of various objects is of primary interest. Winner, in 1947,
introduce the concept of first topological index while finding the boiling point. In 1975,
Gutman gave a remarkable identity [10] about Zagreb indices. Hence, these two indices
are among the oldest degree-based descriptors and their properties are extensively
investigated. The mathematical formulae of these indices are:

M, (G) = Z (du+ dv),
uveE(G)
M,(G) = z (du x dv)
uveE(G)
Furtula and Gutman, introduce the concept of forgotten index [11]
F@) = ) (du+dv?)
uveE(G)

Product connectivity index and its reciprocal version is defined as [12]

P(G) =

z 1
uveE(G) V dudv
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RP(G) = Z 4.4,
uveE(G)
Kulli, introduce the idea of temperature based topological indices [13]
Tu
n—T,

T,(G) = n=|V(6)]

Motivated by the work of kulli, we apply the concept of Temperature based version of
above mentioned topological indices are

T™;,(G) = Z (Tu+ Tv),

uveE(G)

TM,(G) = Z (Tu x Tv)
uveE(G)

TF(G) = z (Tu? + Tv?)
uveE(G)

TP(G) = Z !
uvek(G) TuT”

TRP(G) = z JT.T,

UuveE(G)

2.1 Bridge graph over path G,(P,,,v) over p,, , m > 2

We can observe the vertex set V, from Figure 1, we can divide the vertex set into four
subsets V1, V2, V3, and V4, Such that V = V1 + V2 + V3+ Va.

If E represents the edge set. The Figure 1 shows that there are four different types of
edges present in the graph of Bridge graph G (Pm, v) over Path Pm.

The Table 1, explain in detail the partition of edge set and their temperature based
invariants [11].

uz us U4 U3y Ug-2y U (1) um

Ipm Ipm I pm Ipm Ipm I pm I pm I pm

Figure 1: Bridge graph over pm
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4 d dy d, R
(dy, d, n_d, n—d, ecurrence
1 2
1,2 l
(1.2) Im—-1 Im—2
2 2
(2,2) 3142
Im—-2 Im —2
2 3
2,3 l
23) Im—-2 Im—3
3 3
(3,3) -3
Im—3 Im -3
Tablel: Edge partition of Bridge graph over pm
Theorem 1

Let G be a graph of G;(P,, v) over p,, then its temperature - based indices are

2513m2%-1012m?-9212m+22Ilm+691—-12

o TM(G)=

1(6) (im-1)(lm—2)(im~-3)
. TM,(G) = 281*m3-1913m3-17313m2 +791°m?+33912m-961m—1981+36

2\ (Im-1)(Im—2)2(Im~3)?

_ 5715m*—381*m*—4041*m3+19613m3+102613m?—35012m?—10801>m+264lm+4051—72
o TF(G)= EPTV TPy m—"
(lm-1)2(lm-2)2(Ilm-3)
l gl sz 1 e

e TP(G)=

1
\/(lm 1)(Im-2) \/(lm 2)2 \/(lm—z)(lm—3) \/(lm—3)2

1
e TRP(G)= \/_\/am A 3)l+\/(lm_1)(lm_2)l+6\/ 2)21+3 / 2)21+
1
9\’(lm—2)2

Proof
n

1. TM,(G) = Z(Tu 4T,
i=1

™M@ (i + ) 1 (s Y ) G+ D+ (s ) D)
1 1 431+ 2) 2 3 6(l—3)
TMl(G):(lm—1+lm—2>l+ Im—2 +(lm—2+lm—3>l Im-3

25013m? — 101°m? — 921°m + 22lm + 691 — 12
(Im—-1)({m—-2)(Im - 3)

M (G) =
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2.TM,(G) = Z(Tu X T,)

1 1 2 2 2 3
TM(G) = (lm—l.lm—2)1+(lm—Z.lm—Z)(SH_Z)+(lm—2.lm—3>(l_3)
l 431+ 2) 6l 9(l - 3)
Im—D(m—=2) T m=2)2  Um=2)(m—=3) T (m=3)?
2814m? — 1913m? — 17313m? + 791m? + 3391%m — 961m — 1981 + 36
(Im — 1)(Im — 2)%(lm — 3)?

™M, (@) =

TM,(G) =

2 2

3.TF(G) = ;(Tg +T2)
TEG) = ((lml— 1) * (lml— 2)2> B++ <(lm2— 2) * (lmz— 2)2> (31+2)
2

* ((lmz— 2) * (zmg— 3)2> L+ <<lm3_ 3>2 + (lmg_ 3>2> (1-3)

1 1 8(3L + 2) 4 3 18(1 — 3)
TFG) = ((lm — 2 T Um = 2)2) S im—t ((lm =22 T Um = 3)2)l T im = 3)2

5715m* — 381*m* — 4041*m® + 19613m3 + 102613m? — 3501>m? — 10801*m + 264lm + 4050 — 72
(Im —1)2(Im — 2)%2(lm — 3)?

n

1
4, TP(G)=Z< TT)

i=1
1 1 1
TP(G) = l+ Bl+2)+ !
J(l_l)J(Z_Z) \/(2.3)
Im—1 lm-—2 Im—1 lm-—-2 Im—2 Im-—3
1
+ (1-3)
\/ 3. 3
Im—3 Im-—3
l 1 3l+2 1 NG 1 1-3

TP(G) =

+= +=
6 1 3 1
\/(lm —2)(Im - 3) \/(lm — 3)?

T "2 T
\/(lm —1D(m-2) \/(lm —2)?
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5. TRP(G) = Z(,/TuT,,)

TRPLO) = J(lml— 1 zml— 2) l+ j(lmz— 1 lmz— 2) B+2)+ \/(lmz— 2 lm3— 3) :

3
+\]lm 3 l (l 3)

TRP(G) = ! [+ ! 3142 \/— ! l
@)= = Dam=2 m—pz i+ 2+ m—2)(m —3)

1
+3 m=3) (1-3)

1
TRP = \/_\/ 2)(lm 3) L+ \/(lm 1)(lm—- 2) \’ l T 3\/(1 \/(lm 2)2

2.2 Bridge graph over cycle 1. Bridge graph over path G;(C,,, v) over Cp,

Assuming V is the arrangement of vertices saw in Figure 2, this arrangement of vertices
can be parted into four subsets, such that V = V1 + V2> + V3 + V4. Figure 2 shows a

molecular graph of bridge graph over cycle. Table 2 provides a detailed description of the
edge partition of bridge graph over cycle [11].

Ui

/ ~ /"\ RN
\ R A

Figure 2: Graph of Bridge graph over cylce

Cm
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d, d ! 4 R
wdy n—d, n—d, ecurrence
2 2
(2,2) Ilm — 21
im—-1 Im—2
2 3
(2,3) 4
Im -3 Im—-3
2 4
(2,4) 21 —
Im—2 Im—3
3 4
(3.4) 2
Im—3 Im—4
4 4
(4,4) 1-3
Im—4 lm—4

Table 2: Edge partition table of bridge graph over cycle
Theorem 2

Let G be a graph of G;(C,,,v) over C,, thenits temperature - based indices are

313m2-1413m2-3512m?-6612m+88lm+721-48

* TMy(G) = (tm—-2)(m—3) (lm—4)
281*m3-1913m3-17313m?+791°m?+33912m—-961m—1981+36

* TM(G) = (Im—1)(im—-2)?(Im—3)2

e TF(G) =

515m5+621°m*—1441*m*-6121*m34+99713m3+22213m2-276812m%-35012m+3216lm+20161—1152
(Im-2)2(lm-3)2(lm—4)2

. TP(G)_l(lm 21)\/—+ V6 +1 2l-402 +1 V3

1
\/(lm—z)z \/(lm 2)(Im-3) J(lm—z)(lm—s) J(lm—s)(lm—4) J(lm—4)2

° TRP(G)_\/_’ lm 2\/_ l+4\/_ ml

Sﬁ\‘(lm 2)(Ilm— 4)
« 46 (im —z)(z +4\/—\/(lm 3 (m— 4)+4\/(lm 2l 12«/(lm 7

Proof

1. TM,(G) = Z(Tu 4T

T™M, (G —( 2 1 )(z 21)+( 2 .3 )4

1(6) = Im—2 Im-—2 m Im—2 Im-3

+< 2 + 4 )(21 4)+( 3 + 4 )2
Im-—2 lm Im—3 Im—4

* (lm4— 4 Im — 4) =3
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3(lm-21 8 18 2 4 8 8(1-3)
= o : (lm—z lm—4) (Zl B 4) T Im—-4 T Im—-4

Im-2 Im-2 Im-3

313m? — 1413m? — 351°m? — 661*°m + 88lm + 721 — 48
(Im—-2)(Im —-3)(Im — 4)

TMy(G) =

2. TM,(G) = Z(Tu X T,)

2 2 3
TMz(G) = (lm—z'zm—z)(lm_w+<1m—2'1m—3)(4)
+(lm—2.lm—4)(21_4)+(lm 4 Im — 4)(l 3)
2(m—20) 24 8(21 — 4) 24 16(1—3)

S m=22 T Um=2)Um=3)  (m=2)Um=24) T Um=3)(m—4) | (m = 4)?
2(1m® + 1413m? — 2412m? — 6412m + 64Im + 641 — 32)
(Im — 4)?2(lm — 2)?
2814m3 — 1913m? — 17313m? + 7912m? + 3391%m — 96Im — 1981 + 36
(m = 1) (lm = 2)2(Im — 3)?2

TM,(G) =

TM,(G) =

3. TF(G) = Z(Tuz 4+ T2)

(] om0 (G o () )
0+ () + ) @+ () + () -

CSUm-21) 16 16 54 4 16 N,
S Um—12 " m=22  Um=22 " Um=3)? ((lm 22 " Um = 4)2> @=%
32 32(1-3)
T im—22  Um—a2

515m5+6215m*—1441*m*—6121*m34+99713m3+22213m?2-276812m?%-3501°m+32161m+20161—-1152

TF (G)= (Im—-2)2(Im—-3)2(Im—4)2
n
1
4. TP(G)—Z( >
= VT T,
1 1 1
= (Im =20 + (4) + (21— 4)
\/(2_1) \/(2_3) \/(2_4)
Im—1 lm-2 Im—1 Im-3 Im—2 Im—4
1 1
(2) + -3
4 \/ 4 4 =3
Imn—3 Im—14 Im—3 lm—4
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1(lm zz)\/‘ 2 \/‘ 2l - 4)\/‘ 1 \/§

1
\I (lm 2)2 \/(lm 2)(Im —3) \/(lm 2)(lm —3) \/(lm 3)(Im—4)
4 , 1
(Im — 4)?
5. TRP(G) = Z(,/TuTv)
i=1
2 1 2 3
TRP(G) =\/<lm—2.lm—2)(lm_2[)+\/(lm—z'lm—3>(4)
2 4 3 4
+\/(lm—z'lm—4)(2l_4)+\jlm—3.lm—4(2)
* l
Im—4 Im— 4( —3)

TRP(G) = x/_ (lm - 21) + 46 J

2)2 —2)(m—3)

1 1
* Z‘E\/(zm —Dam—p P 4‘/§j(zm Z3)(m — 4)

1
+(4)] et

TRP(G) =2 ’ 5 lm— 2\/_ _ 2)2 gzl t 4\/_\/(lm 2)(lm — 4)

j(lm D(m +4‘Fj(zm D(m —3)

44/3 ! 4 1 1—12 _t l
+ m—3)m-=2 " [Gm=22 '~ ** |Gm=2)

2.3 Bridge graph over cycle G;(k,,, v) overk,,, m > 2

Assuming that vertices set is V, understanding Figure 3 allows us to divide set of vertices
into three subsets V1, V2, and V3 so that V = V1 + V2 + V3. If E shows the edge set. Figure
6 shows the bridge graph Gi (Km, v) of the complete graph of the hybrid network. Bridge
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Graph of the network graph has five different edges. Table 3 provides a detailed
description of the edge set. [11]

Figure 3: Bridge graph over complete graph

d,d it = R
w Ay n—d, n—d, ecurrence
(4,5) 4 > 2
Im—4 Im-—4
-1
(4,m —1) 4 _m=: 2
Im—4 im-m+1
(5,5) > > -2
Im—-5 Im—-5
-1
5,m—1) 5 _mT: )
Im-5 im-m+1
(m—1m—1) m—1 m—1 Im(l-1)-2(1+1)
’ im—-—m+1 im—m+1 2

Table 3: Edge partition of Bridge graph over complete graph

Theorem 3

Let G be a graph of G;(k,,, v) over k,,form > 2 then its temperature —based indices are

TF(G)=

PmA—1tm3-13m*—93m342513m2+71°m3+31°m?-7412m+2Im?2 +38Im—401—40m+40
TM1(G) =
(lm-4)(Im-5)(Im—-m+1)
2(13m3+1413m?-2412m? -641°m+64lm+641—-32
M, (6) = & )

(Im-4)2(lm-2)2
1 61,7 _ 9716476 _ 15,7 1 ]61995 _ 1775196 5,,,5
ST Y — (I°m” = 21°m® — Pm’ + I°m> — 171°m® + 371>m> +
161*m® + 561°m* — 1071*m®) — 4481*m* + 8513m® + 3111*m3 — 16413m* +
201503m3 + 821?m* — 40613m? — 3241?°m3 — 23181?>m? + 480lm325601’m —
160lm? — 1120lm — 800m? + 800l + 1600m — 800
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V5 n 1_ _|_l -2 +1 \/E(liz) n

1 m-—1 5 1 5 m-—1
(Im—-4)(Im-5) (Im-4)(Im-m+1) (Im-5)2 (Im-5)(Ilm-m+1)
llm(l—l)—Zl—Z

2 (m-1)2
(lm-m+1)2

¢ TRP(G)= ‘/—\/ 4)(lm 5 \/(lm 4)(lm e 5\/(1 52 =-2)+

_(m-1)% 1) 1

Proof

« TP(G):

1. TM,(G) = Z(Tu +T)
i=1

TMG—( r > )(2)+( v m-1 )2+< > n > )(l 2)
1(6) = Im—4 Im-5 Im—4 Im-m+1 Im—5 Ilm—5

m-—1
+(lm—5+lm 1)(1_2)
( m-—1 m—1 )(lm(l—l)—Z(l+1)>

lm—m+1+lm—m+1 2

10 2(m—1) 10(1—2) 5 m—1
+ +<lm—5+lm—m+1>(l_2)

16
™ =
1(6) m—4  Im— 5+lm m+1 Im—5

2(m — 1)( lm(l—l)—l—l)
Im—m+1
3 Pm* — 1*m3 — Bm* — 93m3 + 2513m? + 71°m3 + 31°m? — 741°m + 2lm? + 38Im — 400 — 40m + 40
- (Im—-4)(Um-5)(m—-—m+1)

n

2. TM,(G) = Z(Tu X T,)

= (lm4 4 Im-— 5) ( 3 (lm 41 lmmm1+1) 2+ (% Im— 5) (l 2) + (ﬁ '
Im— m+1) ( B 2) + (lmrﬁm+1 ' lmrfm+1)
B 40 8(m — 1) 25(1—-2)  5m-1)(1-2)
S Um—am—-5) " Gm=8m=m+1) " Gn=57 T im—5)m-m+1
(m—1? (3im(~1) ~1-1) 24 16(1 - 3)
(m—m+1)? T m—3)Um =2 T Um =472
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1
T (m=52(m - H(m—m + 1)? (I°m® = 21°m® — I’m* — 141*m> + 411*m* + 121°m®

+ 241*m3 + 5513m* — 36013m3) — 331%°m* + 7313m? + 361°m3 + 6871*m?
— 70lm3 — 6901?°m — 60lm? + 330lm + 200m? — 2001 — 400m + 200
2(3m3 + 1413m? — 241°m? — 641°m + 64lm + 641 — 32)

(Im —4)2(lm — 2)2

TM,(G) =

n

3. TF(G) = Z(Tg +T2)

i=1

1 @ () + () )@+ (G2 + () 0+ () ) -

2+ () + () )2+ () + () ) e

64 50 2(m-1)? 50(1-2 25 (m-1)2

= (lm-4)2 + (lm-5)2 + (lm-m+1)2 + (lrrE—S))2 + ((lm—s)2 + (lm—m+1)2) (l - 2) +
2(m—1)2(§zm(1—1)—2(z+1))

(lm-m+1)2

:(lm—4)2(lm—15)(lm—m+1)2 (16m” — 215m® — I>m7” + 1°m® — 171°m® + 371°m®> + 161*m® +
5615m* — 1071*m>) — 4481*m* + 8513m® + 3111*m3 — 16413m* + 201513m3 + 821?m* —
40613m? — 3241?°m3 — 23181?m? + 480lm32560/*>m — 160lm? — 1120lm — 800m? +
800! + 1600m — 800

n

4. TP(G) = Z (JTi—T)

=1

B 4 - 5 @)+ 4 m-—1 (2)+ 5 m-—1 =2
\/(lm—4'lm—5) J(lm—4'zm—m+1) \/(lm—s'Zm—mH)

1 (lm(l—l)—2(1+1)>
+
m—1 m—1 2

\/lm—m+1'lm—m+1

1 V5 N 1 L1 1=z
°5 1 m—1 5 1
\/(lm—4)(lm—5) \/(lm—4)(lm—m+1) (Im — 5)?
1 V5(1-2)

5 m—1

\/(lm—S)(lm—m+1)

llm(l—l)—Zl—Z

2 (m—1)2
(Im —m + 1)?
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5. TRP(G) = Z(,/TuT,,)

=\/<lm4—4'1m5— 5)(2)+\/(lm4 4 lmmr_n+1>( )+\/(lm5—5.lm5—5>(l_2)

Im—-5 lm m+1

!
[y

Im—m+1 lm m+1 2

_\/_\/(lm 4)(lm—5) + J(lm 4)(lm m+1) +5 5)2 (-2 +\/_\/ 5)(lm m+1)( —2)+

\/(”_‘—”(Elm(l—n—l—n

(Im-m+1)2

Graphical Comparison of Results:

(b) (€

Figure 4: Temperature based First Zagreb index for Bridge graph over path (a),
cycle (b) and complete (c) graphs

Figure 5: Comparison of Temperature based First Zagreb index for Bridge graph
over path, cycle and complete graph
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Figure 6: Temperature based Second Zagreb index for Bridge graph over path (a),
cycle (b) and complete (c) graphs

Figure 7: Comparison of Temperature based Second Zagreb index for Bridge
graph over path, cycle and complete graph.

(a) (b)

Figure 8: Temperature based forgotten index for Bridge graph over path (a), cycle
(b) and complete (c) graphs

Figure 9: Comparison of Temperature based forgotten index for Bridge graph
over path, cycle and complete graphs
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Figure 10: Temperature based Productivity index for Bridge graph over path,
cycle and complete graphs

Figure 11: Comparison of Temperature based productivity index for Bridge graph
over path, cycle and complete graphs

Figure 12: Temperature based reciprocal Productivity index for Bridge graph over
path, cycle and complete graphs
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Figure 13: Comparison of Temperature based reciprocal productivity index for
Bridge graph over path, cycle and complete graphs

3. CONCLUSIONS

This paper focused on the study of specific type of topological indices namely temperature
based indices for bridge graphs. Bridge graphs are a specific type of graph where every
edge is a bridge, meaning that its removal would disconnect the graph. The investigation
of topological indices for bridge graphs is important as it provides insights into the
structural properties and characteristics of these graphs. The paper reviewed the
temperature based version of several topological indices commonly used in graph theory,
namely 1t and 2" Zagreb indices, forgotten topological index, productivity index and
reciprocal productivity index. It explored the applicability of these indices to bridge graph
over path, cycle and complete graph also examined their behavior and properties when
applied to this specific class of graphs. Graphical comparisons of our numerical results
are also included in this paper.
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